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ABSTRACT. We present a parametric approach for graphical interaction modelling
in multivariate stationary time series. In these models, the possible dependencies
between the components of the process are represented by edges in an undirected
graph. We consider vector autoregressive models and propose a parametrization in
terms of inverse covariances, which are contrained to zero for missing edges. The
parameter can be estimated by minimization of Whittle’s log-likelihood, which
leads to similar likelihood equation as for covariance selection models. We discuss
the problem of model selection and prove asymptotic efficiency of AIC-like criteria.

1. INTRODUCTION

Graphical models have become an important tool for analyzing multivariate data.
While the theory originally has been developed for variables that are sampled with
independent replications, graphical models recently have been applied also to sta-
tionary multivariate time series (e.g. Brillinger 1996, Dahlhaus 2000, Eichler 1999,
2001, 2002, Dahlhaus and Eichler 2003).

A particularly simple graphical representation is provided by graphical interaction
models, which visualize dependencies by undirected graphs. For time series, a similar
approach has been proposed by Dahlhaus (2000) who introduced so-called partial
correlation graphs, in which each component of the time series is represented by one
vertex in the graph. Dahlhaus et al. (1997) suggested a nonparametric test for the
presence of an edge in the partial correlation graph based on the maximum of the
spectral coherence. The concept of partial correlation graphs has been used in many
application from various fields (Dahlhaus et al. 1997, Timmer et al. 2000, Gather
et al. 2002, Fried and Didelez 2003, Fried et al. 2003).

The main disadvantage of the current nonparametric approach to graphical mod-
elling based on partial correlation graphs is the lack of a rigorous theory for iden-
tifying the best fitting graph. An alternative to the nonparametric approach is the
fitting of parametric graphical models where the parameters are constrained with
respect to undirected graphs. The problem of estimating the dependence structure
of the process now becomes a problem of model selection where the best approxi-
mating model minimizes some chosen model distance such as the Kullback-Leibler
information divergence.
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In this paper, we propose graphical interaction models for stationary time series
that are defined in terms of inverse covariances. In these models, the conditional
independences encoded by an undirected graph G correspond to zero constraints on
the parameters.

In Section 2, we define graphical interaction models in terms of inverse covariances
and indicate their relation to graphical vector autoregressive models. In Section 3,
we derive implicit equations for the Whittle estimators, which are similar to the
equations for the maximum likelihood estimate in the case of ordinary Gaussian co-
variance selection models. In Section 4 we investigate the asymptotic behaviour of
the Kullback-Leibler information and show that it can be approximated by a deter-
ministic function. This is exploited in Section 5 to derive the asymptotic efficiency
of the proposed AIC-like model selection criterion.

2. GRAPHICAL INTERACTION MODELS AND VECTOR AUTOREGRESSIONS

Let X = {X(t),t € Z} be a multivariate stationary Gaussian process of dimension
d defined on a probability space (£2,.%,P). We suppose that X is purely nonde-
terministic and has mean zero. Furthermore, denoting the spectral matrix of X at
frequency A by f()\), we assume there exists a real constant ¢ > 1 such that

1< fN) <cly for all A € [—m, 7). (2.1)

Here, 1, is the identity matrix and, for matrices A and B, we write A < Bif B— A
is nonnegative definite. Under these assumptions, X has a mean-square convergent
autoregressive representation

X(t) = élA(u) X(t— u) + e(b), (2.2)

where {e(t),t € Z} is a Gaussian white noise process with non-singular covariance
matrix 2.

In this paper, we consider undirected graphs to describe the dependence structure
of the process X. Let V = {1,...,d} be the set of indices of X. Then a graph G
over V' is given by an ordered pair (V, E) where the elements on V' represent the
vertices or nodes of the graph and F is a collection of edges e denoted as a — b for
distinct nodes a,b in V.

For a process X, we say that two components X, and X, are conditionally inde-
pendent given Xy, ,, where V,, = V\{a, b}, if the corresponding o-algebras generated
by X,, Xp, and Xy, , satisfy

o{X,(t),t € Z} 1L o{X,(t),t € Z} | o{ Xy, (t),t € Z}.

In this case, we write X, 1L X, | Xy,,. If the process X is Gaussian, the conditional
independence of X, and X, given Xy, can be expressed in terms of the residual
processes of X, and X after removing the linear effects of Xy, ,. More precisely, let

Ealvy () = Xa(t) — E(Xa(t) | Xv,,(s), s € Z) (2.3)
and
5b\Vab(t) = Xb(t) — ]E(Xb(t) ‘ XVab(s>7 S € Z) (24)

for all ¢ € Z. Then X, and X, are conditionally independent given Xy, , if and only
if eqv,, (t) and ey, (s) are independent for all ¢, s € Z.
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The dependence structure of a process X can be graphically represented by an
undirected graph that encodes the pairwise conditional independences for the pro-
cess.

Definition 2.1 (Conditional independence graph). Let X be a stationary pro-
cess of dimension d. The conditional independence graph associated with X is a
graph G = (V, E) with vertex set V ={1,...,d} and edge set E such that

Cl—b¢ F < XaJ-I—Xb’XVab
for all pairs a,b € V.

We note, that under additional assumptions more general conditional indepen-
dence relations can be derived from the conditional independence graph G. Such
properties that allow to associate certain statements about the graph GG with corre-
sponding conditional independence statements about the variables in X are usually
called Markov properties with respect to GG. For instance, if X is a Gaussian process
and condition (2.1) holds, then X satisfies also the so-called global Markov pprperty
with respect to G. For details, we refer to Dahlhaus (2000).

Inference about conditional independence graphs for time series commonly is
based in the frequency domain (e.g. Dahlhaus 2000, Dahlhaus et al. 1997, Fried
and Didelez 2003). Here, the dependence between components X, and X, given
Xy, can be described by the partial cross-spectrum of X, and X, given Xy, ,

fab\Vab ()‘) = faa\Vabsb\Vab ()\)’

or, equivalently, by the partial spectral coherence of X, and X, given Xy, ,,

Rapv,, (A) = v, ) =

(Faalvas N v O)2 Feap vy Wy e, W)

where €4y, and ey, are the residual processes given by (2.3) and (2.4), respectively.
It follows that

Xo L Xy | Xvr\fapy © Rappv,(A) =0 for all A € [—m, 7). (2.5)

fE”“Vabeb‘Vab ()\)

For random vectors, the partial correlations can be obtained from the inverse of
the covariance matrix. Dahlhaus (2000) showed that a similar relationship holds
between the partial spectral coherences and the inverse of the spectral matrix.

Lemma 2.2. Suppose that X is a vector-valued stationary process such that con-
dition (2.1) holds. Then, if g(\) = f(X\)~! denotes the inverse spectral matriz, we

have
ab(A
Rablvab<)\> — g b( ) .
gaa()‘>gbb()‘>
Proof. The lemma has been proved in Dahlhaus (2000), Theorem 2.4. U

This relation not only provides an efficient method for computing the partial spec-
tral coherences of a process X, but also allows a new time domain based characteri-
zation of conditional independences and thus of the absent edges in the conditional
independence graph. For this, let R = (R(u—v))wGZ with R(u) = E(X ()X (t+u))
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be the infinite dimensional covariance matrix of X and let R® = R~! be the inverse
of R. Then RY is related to the Fourier transform of the inverse spectral matrix by

RY(y =1 / FO) ™! exp(idu) dA (2.6)

for all v € Z (e.g. Shaman 1975, 1976).

Proposition 2.3. Let X be a multivariate stationary process such that condition

(2.1) holds. Then
Xo 1L X, | Xirapy & RY(u) =0 for all u € Z.
Proof. The relation follows directly from Lemma 2.2 and (2.6). U

The proposition suggests to parametrize graphical interaction models directly by
inverse covariances thus making use of the zero constraints imposed by the absence
of edges in the graph.

Definition 2.4 (Graphical interaction model). Let X be a multivariate sta-
tionary Gaussian process satisfying (2.1). Furthermore, let RV (u), u € 7Z, be the
inverse covariances of X. We say that X belongs to the graphical interaction model
of order p associated with graph G if RV (u) = 0 for all |u| > p and

a—b¢ E = RYu)=Ru)=0foralucZ

Alternatively, the autoregressive representation (2.2) suggests to model the pro-
cess X by vector autoregressive models of order p, that is,

X(t) = ué A(u) X (t —u) + 2(t)

and var (E(t)) = Y. If we further assume that the process is causal, the spectral
density matrix f(\) exists and satisfies condition (2.1). Thus the inverse spectral
matrix f~1(\) also exists and is given by

FHO) =21 A(e™) K A(e™), (2.7)

where K = X7 and A(z) = 14— A(1)z—...— A(p)2? is the characteristic polynomial
of the process (e.g. Dahlhaus 2000). From (2.5) and Lemma 2.2, it follows that X,
and X, are conditionally independent given Xy, if and only if

i Zp: Ky Agi(u) Ay (v) exp(ir(v — u)) = 0.

k=1 u,v=0

for all A € [—m, 7|, which yields the following 2p + 1 restrictions on the parameters

d »p
k;I z:OKklAm<U)AlJ(U + h) = O, h = —pP,...,P,
where A(0) = —1, and A(u) =0if u < 0 or u > p. It is clear from these expressions
that graphical modelling with constraints on the autoregressive parameters would
be very difficult.
On the other hand, it is well known that for a VAR(p) process the inverse covari-
ances R (u) vanish for all |u| > p (e.g. Bhansali 1980, Battaglia 1984). Because of
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the uniqueness of the factorization in (2.7) (cf. Masani 1966), a VAR(p) process is
also determined by the set of inverse covariances

0 = (vech(RV(0)), vec(RD(1)Y, ..., vec(RV(p))'),

where as usual the vec stacks the columns of the matrix and vech stacks only the
elements contained in the lower triangular submatrix. Thus a process X belongs
to a graphical interaction model of order p associated with graph G if and only
if it belongs to a VAR(p) model that satisfies the pairwise independence relations
encoded by the graph G. Therefore we also say that X belongs to a graphical

vector autoregressive model of order p associated with graph GG, which we denote by
VAR(p,G).

3. MODEL FITTING

A fundamental, information theoretic measure for the separation or distance be-
tween two probability distributions is the Kullback-Leibler information (Kullback
and Leibler 1951), which gives the mean information per observation for the dis-
crimination between the true and a fitted distribution. Let X (1),..., X(T) be ob-
servations from a multivariate Gaussian stationary process specified by some infinite
parameter 6. Then for density functions pg, and py and spectral matrices fy, and fy
the Kullback-Leibler information between the process and a fitted model specified
by the parameter 6 is given by

1
1(97 90) = jlgn _]EGO (

Pe(Xh cee 7XT)
T

poo (X1, ..., X7)
1 det fo(N) ~1
-/ {(0g (detfgom) + tr[fa ) () = 1] baa
(cf Parzen 1983). Minimization of I(6,6,) with respect to 6 is equivalent to mini-
mizing

1

2(0) = 4—/ (1ogdet fo(0) + tx[ fa, (W) £ (V)] ) .
T Ju

In the following we assume that X is a vector autoregressive process of infinite
order to which we will fit graphical vector autoregressions of finite order p. Al-
lowing the order to diverge to infinity for increasing sample size, this implies that
asymptotically the process can be fitted by the correct model which is crucial in our
investigation of the asymptotic properties of the Kullback-Leibler information.

Assumption 3.1. X is a multivariate stationary Gaussian process defined on a
probability space (2, 27, P) such that the following conditions hold.
(i) The spectral matrix f(A) of {X(¢)} exists and satisfies the boundedness con-
dition
a1ly < g(A) < azly VA € [—m, ]
for constants a; and as such that 0 < a; < ay < 0.
(i) There exists 5 > 1 such that the covariances R(u) of {X(t)} satisfy

S IR ()| < oo,

ueZ

(iii) {X(¢)} has conditional independence graph Gy = (V, Ey).
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Under these assumptions, X has an autoregressive representation (2.2). As in pre-
vious section, we parametrize graphical vector autoregressive models by the inverse

covariances Rg-) (u). Thus we get infinite dimensional parameter vectors
0 = (vech(R1(0)), vec(RD (1)), vec(RV(2)),...)".

In the following, we denote the spectral matrices, covariances, and inverse covari-
ances specified by the parameter 6 by fy(\), Ry(u), and Rg) (u), respectively.

Assumption 3.2. O is a subset of £>(R) such that the following conditions hold.
(i) The spectral matrices fy satisfy for all § € © the boundedness condition
bilg < fo(N) < bly VA€ [—m, n]
for constants b; and by such that 0 < by < by < 0.
(ii) There exists a constant C' > 0 such that the covariances Ry(u) satisfy
> Ll Ro(w)] < ©
uez,
for all € O(p, G), where (3 is the same as in Assumption 3.1.

(iii) There exists 6y in © such that fy,(\) = f(A) for all A € [—m, 7] and 6y belongs
to the interior of ©.

Next, let 4 denote the set of all graphs G = (V, E) such that V' = {1,...,d} and
EC{a—0bla,beV,a#b}. Forpe N and G € ¥4, the VAR(p, G) model is now
given by the parameter space

O(p,G) = {0 € O|RY) ,(u) =0ifa — b¢ E or |u| > p}.

Let I, denote the set of indices for which O(p, G) is not constrained to zero and
T, the projection of £(R) onto the subspace spanned by O(p, G).

Minimization of the Kullback-Leibler information 1(6,6,), or equivalently .Z(6),
with respect to 0 € ©(p,G) yields the best VAR(p, G) approximation of {X(¢)},
which we denote by the parameter

0o(p, G) = argmin Z ().
6€0(p,G)

We require that 0y(p, G) exists and is uniquely defined.

Assumption 3.3. The best approximation 0y(p, G) in ©(p, G) with respect to the
Kullback-Leibler information 1(6,6y) is unique and belongs to the relative interior
of O(p, G) with respect to the seminorm || -

||7Tp,G N

Using matrix calculus (eg Harville 1997), we obtain the following derivatives of
Z(0)
az@) 1 afy (V)
= | o) = o) o | ax. 3.1
T = 1 [ e[ - o) e (3.1)
Since the inverse spectral matrix is linear in the parameters we get an explicit
formula for its derivatives. Let ) correspond to RSZ (u). Then

afi}})()‘) {27T5m(5ja ifa=band u=0

00, " Non [5ia5jb exp(—ilu) + 0054 exp(i)\u)] else
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Substituted into (3.1) we therefore get
az(0)
00y,

This leads to the following set of equations, which characterize the best VAR(p, G)
approximation 6y(p, G),

Rijo0p,c) (1) = Rijo,(u) Vi—jeE Yue{—p,...,p}
=0

Rg'?eo(p,c)@ Vi—j¢&FE Yue{-p,...,p}

0 ¢ [ (noas) = finalN) explir)ir = . (3.2)

(3.3)

and additionally R(Oio)(p,G) (u) = 0 for all |u| > p.

In the following we will also need the second and third derivatives of .Z’(6). Using
results on matrix differentiation (eg Harville 1997) and by linearity of f, () in the
parameters we obtain for the second derivatives

>2(0) _ i/tr[(fao()\) _ fa()\))ane—W]d)\ B / tr[afe(k) 8f91(>‘)]d)\

1 fy '), Of 'Y

and similarly for the third derivatives
o’zO) 1 0fy (N

We will denote the vector of first derivatives by

vz - (20

afy ')
00,

afy ' (V)

d>.
00

tr [ fo\) fo\) fo(N)

and the matrix of second derivatives by

922 (6)
2 _
VL) = < 00,00 )i,jeN

The linearity of f,'(\) in @ also implies that

0000 = 1= [ e[S NS ] (34)

In practice, model distances such as the Kullback-Leibler information need to be
estimated as they depend on the unknown parameter 6y. Akaike (1973) pointed out
that the Kullback-Leibler information is related to the method of maximum likeli-
hood. Therefore, given observations X (1),..., X (7T) from the process X, minimum
distance estimates can be obtained by maximizing the Gaussian likelihood function
or, equivalently, minimizing the —1/7 log likelihood function

1 1 1
L 0) = 3 log(27) + 57 log det Ry 1 + ﬁng;;XT, (3.5)

where Ryr = (Rg(u — v)) _ . A more favourable choice for fitting graphical

autoregressive models is the likelihood approximation suggested by Whittle (1953,
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1954). Approximating the matrix Ry + by the corresponding matrix of inverse co-
variances (cf. Shaman 1975, 1976) together with the Szegé identity (cf. Grenander
and Szegd 1958) leads to the Whittle likelihood

L) = /H (logdet f9(>\)+tr[[(T)()\)f9()\)*1]>d)\,

T 4r
which estimates .Z(6) consistently. Thus we get as a minimum distance estimate
the Whittle estimate

A~

Or(p, G) = argmin .Zr ().
0€0(p,G)

The first derivative of the Whittle likelihood 1is
azr(0) 1 of,
— — [t (ID(\) = £, (\)) 220\
90, 47r/H r[( () = foN) =5

Since f, '(A) is linear in 6, the data dependent term vanishes in the second derivative
and we find for all § € ©

}dx. (3.6)

V2% (0) = V2Z2(0). (3.7)

Consequently, also the third derivatives of .Zr(0) and Z(0) are equal. Setting the
first derivative to zero leads to the following characterization of the Whittle estimates
in the VAR(p, G) model.

Theorem 3.4. Suppose that Assumptions 3.1 and 3.2 hold. Then the Whittle-
estimate O7(p, G) in the graphical autoregressive model VAR(p,G) is given by the
equations

R oy (1) = Ry;(u) Vi—je€ EVue{-p,...,p},
() _ S -
Rij,éT(p,G)(u) =0 VZ J ¢ E vu € { Dy 7p}7

0 _ s o
and RéT(va)(u) =0 for all |u| > p, where R;j(u) is defined as

Rij(u) :/H[Z.(].T)()\) exp(idu)dA.

Proof. The result follows from the arguments leading to (3.3) applied to the first
derivative in (3.6). O

These equations are similar to the equations for the maximum likelihood estimates
in ordinary Gaussian graphical models (cf Lauritzen 1996). More precisely, these are
the restrictions for a Gaussian graphical model in which the set of vertices consists
of the entire process X. This, however, is not surprising by the way the Whittle
likelihood approximates the likelihood function in (3.5), as the Whittle likelihood
mainly neglects edge effects due to observing only a finite horizon by substituting
asymptotic approximations for the finite sample quantities det Ry and Ry ;

The asymptotic properties of the Whittle estimate in general are well known (eg
Dzhaparidze and Yaglom 1983). For example, we have the following central limit
theorem.
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Theorem 3.5. Under Assumptions 3.1 to 3.3 we have
ﬁ<éT(p7 G) - 00(p7 G)) 2) N(07 Chr(pv G)_IFO(pv G>F<pa G)_l)
where ¢, = Hy/H3, To(p, G) = 7, V2L (00)Tpc and T(p, G) = 7, V2L (0o(p, G))Tp.c

with T'(p, G)™' = m,cT(p, G)"mpc for any generalized inverse T'(p, G)~.
Proof. see Dzhaparidze and Yaglom (eg 1983, Section 5.6). 0J

From the Whittle estimate éT(p, G) we can finally compute estimates for the
parameters Ay, ..., A, and ¥ in (?7).
(a) From the estimates Rg) .0) (u) for the inverse covariances we can obtain the
T\P,
1

covariances I, o (u) via computation of f- ».C)
? T

for the matrices A, ..., A, and X can be determined by solving the Yule-Walker
equations

and féT(p,G)' Then estimates

P
;AuRéT(p’G)(u —v) = 0y, v=20,...,p,

where Ag = —1,.
(b) The parameters Ay,..., A, and ¥ are related to the inverse covariances by the
equation system
. p—v
RY ()= ASA,u,
@) u=0

éT (P,

where again A(0) = —1,4. This problem is equivalent to the estimation of mov-
ing average parameters from the covariances of a process. An iterative algo-
rithm for solving such an equation system has been suggested e.g. by Tunnicliffe

Wilson (1972).
We are now interested in the VAR(p, G) model, where G € ¢ and p is selected
from a given range 1 < p < Pr with Pr <T', which minimizes the Kullback-Leibler
information I(0r(p, G),8y) between the fitted model and the true process. A model

selection (pr, Gr) which has this optimality property at least asymptotically is called
asymptotically efficient.

Definition 3.6 (Asymptotically efficient model selection). A selection of

~

models (pr, G)rex with 1 < p < Pr and G € ¢ is called asymptotically efficient if

1(0r(pr, G), 0o) L
min min I (07(p, G), 6)

1<p<Pr Gc%

The derivation of model selection criteria with this optimality property is based
upon an approximation of the Kullback-Leibler information by some deterministic
function. For this, it is necessary that asymptotically the process {X(¢)} can be
fitted by the correct model, which implies that Pr must diverge to infinity. On the
other hand the approximation holds only if the stochastic variation in I(67(p, G), 6o)
due to the estimate 67 (p, G) vanishes asymptotically for all p < Pr. More precisely,
we require that the following conditions hold.

Assumption 3.7. {Pr}ren is an integer-valued sequence such that Pr — oo and
5
PZlog(T)?)T — 0 as T — oo.
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4. ASYMPTOTICAL EFFICIENCY OF A MODEL SELECTION

In this section, we investigate the asymptotic behaviour of the Kullback-Leibler
information I(07(p, G),60y) between a fitted and the true model. In particular, we

derive an asymptotic lower bound for I(67(p, G), ), which is important for estab-
lishing the asymptotic efficiency of model selection criteria.

Taniguchi (1980) discussed the asymptotics of the final prediction error for fitting
spectral models to univariate time series. Although the line of proof is similar, the
conditions of Taniguchi do not hold for the parametrization by inverse covariances
(also in the univariate case). In the next two lemmas we show that weaker statements
about the second and third derivatives and the convergence of | fg,p.q)(A) — fo,(N)]
can be derived under the Assumptions 3.1 to 3.3.

Lemma 4.1. Suppose that Assumptions 3.1 and 3.2 hold. Then

(i) there exist constants ¢; and cy such that
IV2Z20)| <c1<oo  and ||[V2L(0)]int > c2 >0 (4.1)

uniformly in 0 € ©;
(it) for alln € (*(R) and all ¢ € 7, c(R™)

Py 2O 6] < oEp Gl

00,00;00,

uniformly in 0 € ©, 1 < p < Pp, and G € 4. For ¢ € (*(R) the term is
bounded by C|n||*||C]l:-

Lemma 4.2. Suppose that Assumptions 3.1 to 3.3 hold. Then for all graphs G such
that Go C G we have

/ |ty V) = Fa V) [;dA = O(p~ @) (4.2)

and

/ [ footmey (V) — fas(N)]3dA = O(p~ D), (4.3)

where ||Allo = (tr(A*A))Y/2,

The methods in this section are based on Taylor expansions of the Kullback-
Leibler information. For this we need the following lemma, which states the uniform
consistency of the Whittle estimates.

Lemma 4.3. Suppose that Assumptions 3.1 to 3.3 and 3.7 hold. Then we have

 nax ||9T p, G) — 0o(p,G)|| = op(1).

The Kullback-Leibler informz%tion can now be studied by the help of Taylor ex-
pansions. We first note that I(67(p, G), ) can be written as

I(b7(p,G), 00) = [ZL(0r(p, G)) — ZL(0o(p, G))] + I (6o(p. G), 60)
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and with a Taylor expansion of .Z(07(p, G)) about 6y(p, G)

1, 4
= §HQT(p7 ) _00 p7 ||V2f(90(pG) +I(90(p7G),00)

+ Op (p* 0r(p, G) — bo(p, G)II*),
where the first order term vanishes because of 7, V. (0y(p, G)) = 0. In this decom-

(4.4)

position of I (éT(p, (), 0y) the first term represents the variance due to estimating

00(p, G) by O7(p, G) while the second term can be approximated by 60(p, G) —
00| %2 #(6,) a1 thus represents the bias due to fitting an incorrect model.

In the following we investigate the asymptotic behaviour of the variance term.
Taylor expansion for the first derivative of Zp(07(p, G)) yields

Vr(07(p, G)) — VLr(0o(p, G)) = V2L (0s(p, G))(0r(p, G) — 0o(p, G)) + Z(p, G).

where

PL 9 .
= 2 G5os,0n, ) 06y — 00l §)3) e (. G — 0ol )
J,kel(p

and Or = 0o(p,G) + f(QT(p, G) — bo(p,G)) for some ¢ € [0,1]. By the definition
of Or(p, G) and 0y(p, G) we have 7, ¢ (VXT(HT(p, G))) = Wp,G(V.,i”(QO(p, G))) = 0.
Noting that by (3.7) the second derivative of Z7-(#) can be replaced by that of £ (6),
we get

T (Ve (0r(p, G) V2 (06(p, ) ) = (b, G) Br(p, G) 0 (p, G)) 470 (2 (0, ),

where I'(p, G) = 7, V2Z(00(p, G))7p as in Theorem 3.5. This leads to the equa-
tion

V.21 (00(p, @) = V2 (60(p, D)} )+

= [V (00, G) ~ VZ60(. G| [ (00, G) — 00, ©)) + T(0.G) " 25, O]

= |0r(p. G) — Oo(p, G HF \+2Z(p, G) (br(p, G) — bo(p, G)) + || Z (p, G)Hi(p’G)_
)

Noting that in the first term F(p, () can be replaced by V2Z(0y(p, G)), we finally
have by Lemma 4.1

HéT(pa ) - 90 pa Hv2$ (60(p,G))
= [V (60(p. G) = VL (0(p. D[y -1 + Or (2161 + pIAI)  (45)

with the abbreviation § = éT(p, G)—0y(p, G). In the next lemmas we prove that the
moments of the first term on the right side can be approximated by the moments of
a y2-distribution up to the fourth order.

Lemma 4.4. Suppose that Assumptions 3.1 to 3.3 and 3.7 hold. Then

E [THVZT(%(Z% G)) = VZ(0o(p, G))Himcrl]

= e [P, 0) " Tolp. 6] + 0P
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If the graph G contains the true graph Gy, we further have
tr[D(p, G)™'To(p, G)] = k(p,G) + O (p' ).
Lemma 4.5. Suppose that Assumptions 3.1 to 3.3 and 3.7 hold. Then if Gy C G

E[CZhHVXT(HO(p, G)) — VL (00(p, G))Hi(p,G)*l — k(p, G)r

p= log(T )2)

= 48k(p, G) + 12k(p,G)* + O (p* ") + 0( T

otherwise if Gy ¢ G
T 9 2
E[C—hHVXT(eo(p, @) = VL (0,(p, )|} (w)ﬂ] — 0(p).
It follows now from (4.5) and Lemma 4.1 that
k(p, G))

[6:0.6) = 60(v. G < s 0 &) = 008 G [y = O (=7

This implies that equation (4.4) for the Kullback-Leibler information can be rewrit-
ten

k(p, G)

~ 1, ~
I(QT(p7 G)v 00) = ](00(]9’ G)7 90) + §||0T(pa G) - 90(p7 G>H2V2.2’(90(p7G)) +op <T>

Further Lemma 4.5 suggests that [ (éT(p, (), 0y) can be approximated by the follow-
ing function

k(p,G)c
Lr(p.6) = "% 19,0, @), 00)

The next results show that this approximation holds uniformly for all 1 < p <
Pr, which allows us to reformulate asymptotic efficiency in terms of the sequence
(p¥, G%) which minimizes Ly (p, G).

Definition 4.6. (p}, G%) is the sequence of models which attains the minimum of

LT (p7 G)7
(p;—‘J G;) h 1<a];gpmgle(4 LT (p’ G)
sp=rT, B

for all T € N.

Under Assumption 3.7 Ly (Pr, Go) and therefore also Lr(pi, GF) converge to zero
as T — oo. But the second term of Lr(p,G) does not vanish if the approximating
model is wrongly specified, which is the case for finite p or if G does not contain the
true graph Gy. Thus it follows that p}. diverges to infinity as 7' — oo and Gy C G
for almost all T" € N.

Lemma 4.7. Suppose that Assumptions 3.1 to 3.3 and 3.7 hold. Then
TVZr (o(p, C)) — VL 000, D)y — o G
max max =op
1<p<Pp Ge¥ TLr(p,G)
Theorem 4.8. Suppose that Assumptions 3.1 to 3.3 and 3.7 hold. Then

I(éT(]% G),0) _
12;2)1%T Iéleaé( LT(p, G) —1= OP(l).




GRAPHICAL INTERACTION MODELS FOR TIME SERIES 13

Proof of Theorem 4.8. Let G be fixed. We first note that equation (4.5) together
with Lemma 4.7 implies that

max ||6z(p, G) — 0o(p, G)|” = op(ﬁ>.

1<p<Pr T
Since further p/T Ly(p, G) < C uniformly in p € N, it follows from (4.4) and (4.5)

H%mmﬁwemmaw

max

1<p<Pr Lr(p,G)
A 2
_ e THQT(pv G) _90(p7 G>HV2,2’(90(p,G)) —k(p, G)Ch +OP<&>
1<p<Pr 2T Ly (p, G) VT
T||VZr(6o(p, G)) — VZ(0o(p, G))lrp.c)-1 — k(p, G)en
< ’ 1
=155 2T Lr(p, G) +or(1),
from which the assertion follows by Lemma 4.7. 0

The uniform approximation of the Kullback-Leibler information by Lr(p, G) leads

now to an asymptotic lower bound for (éT, 0p) and a new characterization of the
asymptotic efficiency.

Theorem 4.9. Suppose that Assumptions 3.1 to 3.8 and 3.7 hold. If (ﬁT,GT)T@N
is a random sequence such that 1 < pr < Pr and Gr € ¢, then we have for all

e>0 . .
lim P(I(HT(]’T;GTE’QO) >1- g) =1
LT(pTv GT)

Proof. The result is a direct consequence of the inequality
I(0r(pr, Gr),60) _ 1(0r(pr, Cr), b0)
Lr(p7.G3)  —  Ly(pr, Gr)
and Theorem 4.8. O
Corollary 4.10. Suppose that Assumptions 3.1 to 3.3 and 3.7 hold. Then a random

sequence (pr, GT)TeN such that 1 < pr < Pr and Gr e is asymptotically efficient
if and only if it satisfies

](éT(ﬁT,GT)790) L
LT(pé"uG;")

Proof. Let (p$, G3)ren be the (random) sequence which minimizes I(67(p, G), 6,).
Since accordingly I(0r(p%, G%),00) < I(07(p%, G%),0) we get
(I(‘QT(pT;GT3700> >1-— e) < P(I<0T(pT;GT2:90) > 1 _g)’
Lr(p7. G7) Lr(p7. G7)
which converges to zero as T' — o0o. Therefore
I(G:T(ﬁT, Gr),0o) Pl o [(éT(ﬁT; GTE,GO) ry
1(0r(p7, G7), 00) Lr(py, G7)

from which the assertion follows.
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5. ASYMPTOTICALLY EFFICIENT MODEL SELECTION

Model distances in general depend naturally on the unknown distribution of the
observations and therefore cannot be minimized for model selection. Empirical
model distances such as the log likelihood function can be used for the estimation of
parameters within each model, but typically do not provide good overall estimates
of the theoretical model distance and therefore need to be corrected (eg Shibata
1997).

Akaike (1973) considered model selection by minimizing the expected Kullback-
Leibler information, which leads to a simple bias correction term for the log like-
lihood function. In our situation, we have the following Taylor approximation for

Z(0) and Zr(0)

~

1, A
2L (0r(p.G) ~ L (60(p. G)) + 5|02 (p. ) — b0(p. O[5

~ 1 A 2
XT(QT(pv G)) ~= gT(QO(p7 G)) - EHQT(p7 G) - 90(p7 G)”F(pyg)'
Taking expectations this leads to the following version of Akaike’s AIC criterion

Crlp, @) = Zr0r(p, @) + 02D,

In the following we show that the minimizing sequence

(ﬁT,CJT): argmin  Cr(p, G)
1<p<Pr,GeY¥

is asymptotically efficient with respect to the Kullback-Leibler information. For
this, we first rewrite the criterion as

Cr(p, G) = Lr(p, G) + [Zr(o(p, G)) — Z (0o(p. G))]

k(p,G)c A
{29 60(0.0)) - Lol )]} + 2(00).
Cr(p, G) estimates the Kullback-Leibler information well if the second to fourth
term on the right side are negligiable compared with the first term L (p, G).
Lemma 5.1. Suppose that Assumptions 3.1 to 3.3 and 3.7 hold. Then

Ko 1 [ 2p(0r(p, G)) — Zr(0(p, G))] ‘ = op(1)
LT(pv G) o

The lemma shows that the third term is uniformly negligible compared with
L7(p,G). In contrast, the fourth term is constant and the second term is of order

Op(+/p/T), which follows from the proof of Lemma 4.2. However, the behaviour of
the minimum (pr, Gr) depends only on the differences

CT(p7 G) - CT(p;a G;“)
Obviously, here the fourth term cancels and it is therefore sufficient to show that

[Zr(00(p, G)) = Z(00(p, G))] — [Zr(0o(p7, GT)) — £ (007, G7))]
is uniformly negligible compared with Lz (p, G).

max max
1<p<Pr Ge¥9
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Lemma 5.2. Suppose that Assumptions 3.1 to 3.3 and 3.7 hold. Then the difference

s o L2700, G)) = Z(00(p, )] — [Z2 (0007, GF)) = Z (0o (pT, Gr))]
1<p<Pr Ge¥ LT(p, G)

tends to zero in probability.

Theorem 5.3. Suppose that Assumptions 3.1 to 3.8 and 3.7 hold. Then the sequence
of (pr, Gr)ren is asymptotically efficient, that is
LT(pT7 GT)

Proof. In Lemmas 5.1 and 5.2 we have shown that

[Cr(p, G) — Cr(pi,G%)]  [Lr(p, G) — Lo(ph, G%)]

LT<p7 G) B LT<p7 G)
converges to zero in probability uniformly in 1 < p < Pp. It then follows from the
inequalities Cr(pr, Gr) < Cr(py, G¥) and Ly(pr,Gr) > Lr(ph, G%) that for all

e>0 -
lim P(M > 1—g> ~1.
T—oo \ Lr(pr, Gr)
The result now follows from Theorem 4.8 and Corollary 4.10. U

APPENDIX A. L-FUNCTIONS AND DATA TAPERS

The use of data tapers often improves the small sample properties of spectral
estimates (eg Dahlhaus 1990). For the discussion of asymptotic properties of fre-
quency domain statistics based from tapered data, we need the following function,
which has been introduced by Dahlhaus (1983). Let L) : R — R be the periodic
extension (with period 27) of

T, N<yT

T3 —
L) = T <\ <7

1 (A.1)

Al
The properties of these functions are summarized by the following lemma. The
proofs are straightforward and can be found in Dahlhaus (1983, 1990).

Lemma A.1. Let LM()\) be defined as in (A1), a,3,7 € R and r,s € N. We
obtain with a constant C' independent of T" and S

(i) L™ () is monotonically increasing in T € R and decreasing in o € [0, 7).
(ii) LT (ca) < ¢ ' LT () for all ¢ € (0,1].

(i) | LD (a)da < Clog(T).
(iv)
(v)
(vi)

LDB + ) LY (v — a)da < Cmax{log(T),log(S)} LMD (5 4 ).
LD (o) da < CT™ L.

LOB+a) LDy — a)'da < Cmax{T !, S" 1} LmMDSH (5 1 ),

—
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Let A") be a data taper and let H ,iT)(/\) be its Fourier transform. Under the
assumptions on the taper function, H ,gT)()\) can be bounded by

|HP (V)] < ¢ LD (A.2)

with a constant C' € R independent of 7" and A. Furthermore, let {@éT)}T@N be the
sequence of function given by
[Hy" (V)

o (\) = .
2 () 27 HD(0)

(A.3)

By Lemma A.1 and the upper bound in (A.2), it can be shown that {<I>§T>}T€N is a
Dirac sequence (eg Dahlhaus 1983).
By Theorem 4.3.2 of Brillinger (1981) we have
cam{d" (ay), . .. ,dg?(ak)}

= (ZW)k_lH(T)(al + .o ) faya (O, ) +O(1)

uniformly in aq, ..., a4 € IL.

(A.4)

APPENDIX B. PROOFS AND AUXILIARY RESULTS
Proof of Lemma 4.1. (i) For n € (*(R) we define matrix valued functions h, on
[—7?,7?] by
= RY(u) exp(—idu). (B.1)

u€Z
These matrices are hermitian, but for general n € ¢*(IR) not necessarily positive
definite. By (3.4) and Assumption 3.2 (i)

IVLOn = [ BN o0 (V] dA
< / 1 Fo ) 2 [y (A (1))
< s KO / () 2dA

AE[—7
= Zw 1AW X IRP @, < Cllnl

UEL

This proves the first inequality in (4.1). The second inequality is proven similarly
with || fo(A)||ins substituted for || fo(A)]|.
(ii) Suppose that 7,¢ € (*(R) and let h,(\) and h¢()\) be defined as in (B.1).

Since f,'()\) is linear in 6, we obtain

83.5,”
Z 90,00, ae 96.00.00, % S/H
< / £ OO 1A () [ [y (A ()] A

<t s el [ [l

tr [ fo(A) By (N) fa(A) By (N) fa (M) ‘dA
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Noting that for ¢ € m,c(R>) C (*(R)

I < e < Y RO @), < Cliclh < CVRE, G

uEZ

uniformly for all A € [—m, 7] and [} ||k, (N)]|3dX < 2[|n]|3, the second part of the
lemma follows. O

Proof of Lemma 4.3. If Gy C G, then 0y(p, G) converges to 0y as p — o0o. Therefore
we have the following Taylor expansion for .Z(6)

3(90(197 G)) - 'Z(Qo) = Vf(eo),(eo(% G) - ‘90) + %”90(197 G) - @ollizg(g)-

where 0 = 0y + £(0o(p, G) — 0p) for some & € [0,1]. The first term is zero since 6y
minimizes .Z(6). For the second term we obtain by (3.4) and Lemma 4.1 the lower

bound
3 |l FO il ) = LSO Ul = F! ()
> 5 [ 1t Ui ) = i Q0 o) () = £ O0) @
> 1 / 15Ot feo%p,G)(A)—feTf()\))(ng%p,G)()\)—fezl(A))}dA

/ ||f90 pG feo )H;d)\- (B.2)

Similarly we get the upper bound

L(00(p, G)) - / 1 o) = f V| (B.3)

Now let Gs be the saturated graph with all edges included. Then by the equations
in (3.3) the Fourier coeflicients Ry,(ycq)(u) and Ry, (u) are equal for all |u| < p.
Thus by Assumptions 3.1 and 3.2

/HHfGO(p,Gs f00 | A\ = Z HR90(PGS R90 HQ = O( 2B+1)> (B'4>
[u|>p

For the inverse spectral matrices the same holds since

1 fgotoc6) V) = Jo M2 = fgg .0 D) (fo (N) = fonma) (M) fo, M2 (B-5)
< ostp.c6) ML M foo .65 (A) = foo (M2,

where || foop.c)(A) (N[ and | f, '(\)|| are bounded uniformly in A by Assumptions
3.1 and 3.2. Now consider the inverse spectral matrix f;*()\) with components

. B f;,go( aoN) i (i) € E
fz‘j,@*()‘) = {O] P T (i,j) ¢ E

where 0 = 7, (6o (p, Gs)). Since Oy(p, Gs) — by also implies 6* — 6, and 6, belongs
to the interior of ©, there exists py € N such that 6* € ©(p, G) C © for all p > py.
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Since Go C G it trivially holds that | f; . (\) —
Therefore we also have that

/Her*1<A)—fao zx = 0 ().

Since o(p, G) minimizes £ () for all # € O(p,G), it then follows from (B.2) and
) that

A)| =0 for all (i,5) ¢ E.

z] 90

/ i) = Ji I < CL260(0,G)) = 2 (60)

|
< clew) 26| <€ [ |10~ 5

which together with (B.4) proves (4.2). The second part of the lemma then follows
by the same argument used in (B.5) and the uniform boundedness of || f, %ﬂGS)(A)H

and || fo, ()]l
Proof of Lemma 4.3. We first consider the difference

Z0(60) — 2(0)| = ‘/tr ~ fanN) i ()]
< Z Z ‘/ — fijoo(A )) 13)9( ) exp(iu) d)\‘
i.3=1 |u|<p

and further since Rzy (1) does not depend on A

< max max‘RUg ‘Z Z / I(T — fij00(N) exp(i)\u)d)\‘.

1<i,5<d |u|<p i7=1 [ul<p

By Assumption 3.2 and the definition of R(; (u), the first factor can be bounded
by (47%b;)~! uniformly over § € ©. Further by Lemma B.1 each summand in the
second factor has second moment of order O(7!) uniformly in 1 < u,v < Pr. Thus

ol s, X 3 | [0 - sino e —o(F)

[ul<pi,j=1
We therefore have

Pr
Zr(0 =0
133@96%’@’ (0) = Z(0)] P(ﬁ>

which implies that
Lr(0o(p, G)) 5 ZL(00(p, @) and [ Lr(br(p, G)) — L(0r(p,G))] 0

uniformly in 1 < p < Pp. Together with the inequalities % (A7 (p, G)) < Zr(0o(p, G))
and Z(0o(p, G)) < Z(0r(p, G)), this leads to the uniform convergence

max |$ (Or(p, G)) — Z(0o(p, G))‘ =op(1).

1<p<Pr
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Since the difference ‘g(éT(p, G)) — Z(6o(p,G))| can be bounded from below by
2L (0r(p, G)) = £ (0o(p, G))
A 1, 4
= VX(GO(]% G))/(QT(pa G) - 80(297 G)) + EHQT(p7 ) - 60 p7 ||V2$(9T)
J _
2 510r(p, G) = Oo(p, AP VL (Or) ns

where 07 = 0y(p, G) + £(0r(p, G) — 0y(p, G)) for some € € [0,1], it follows that
07 (p, G) converges to Oy(p, G) uniformly in 1 < p < Pr. O

Proof of Lemma 4.4. Noting that ||['(p, G)7|| < C and ||T'(p, G)7 ||y < Cp*?, we
obtain with Lemma B.1

TE||VZr(80(p, G)) — V< (0(p, )|}

HF(p,G)fl

- S (VA DA g

11,i12€IN

= Z [Chrilig,O(p7G)+O<M)]P;}2(p’G)

£ T
i1,i2€N

= ptr(Do(p, O)T(p, G)7') + O(%).

where by the definition of I'(p, G)~! all summands with i1,y ¢ I, ¢ are zero, which
yields p? nonzero summands.
For the second part we note that

0fy ' (V) 0fy ' (V) 0fy 1 (M) ;1\ 0fg (V)
a0, a9, J = erl s a6, 1N =g ]'

<[er ainer) — O A gy 00 PV

90, 90,
dfy ') afel()\q ‘

tr[feom S U (N) = fu (V) =5
J
< Ol faniprN) = Fao NI, (foaiwr Il + 1 2o (M)

tr | fantncr () verey

It follows by Lemma 4.2 and the Cauchy-Schwarz inequality
tl“<F(p, @)~ [To(p, G) = T(p, G)])

< CIIr(p, &) ( / | Foatm.cy () = fao (A >H§dA)%=0(p1-ﬁ),

which completes the proof. O
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Proof of Lemma 4.5. First assume that Gy C G. We evaluate for m = 2, 3,4

T E ||V (60(p. G)) = V2 (00(p. O))[1 -

o 2m (LfT(QO(p, G)) aZT(HO(pa G)) O —1
i1 Zzz: =1 [kH1 ( aeik aeik )] kl;[ fanota <p’ G>
(B.6)
Setting
v [T (0L (0,(p,G)) 8L (0o(p, @)
Z'k - - -
we obtain from the product theorem for cumulants and Lemma B.2
2m
]E[knly;k} Z Z chm{Y Ly Z,M}
= n=171,...,
log(T)
Z H cum{Y; .Y .} + Z cum {Y;, |, z12}0( og; )
T geees 11,1,01,2=1
nr:Q 117012 ( T >
(B.7)

Lemma B.1 yields for the first term

S 1 [Tl @)+ 02220

mn T=1

= Z H FZTI'LTQ 0(p7 G) + Z Z ﬁ Fir,1ir,2,0<p’ G)O<pl%m> + O(% :

Substituting (B.7) into (B.6) we then obtain with B, s = [o(p, G)T'(p,G)™*

E EHWTwo(p, G)) = V£ (Bo(p, G>>Ili<p,a>—1r

= (tr(Bya))" + 12t0(B2 ) (tr(Bpa))? + 12(tr(B2))? + 32tr( B o) tr(By.c)

p?
pe log(T)z)
T

and further in the same way as in the proof of Lemma 4.4

+48tr(BL ) + O<

. 51 2
= k(p. G)* +12k(p, G)° + 44k(p, G)* + 48k(p, G) + O(p*7) + 0(p—oz%m )

Similarly, we get

E EHWMO@, G)) = V£ (Bo(p, G>>Ili<p,a>—1r

p? log(T)’
T

= k(p,G)* + 6k(p, G)* + 8k(p,G) + O(p*7) + O(
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and
ch 0\ 0\/> I'(p,3)~1

ps log(T)2>

= tr(tr(Bya))” + 2tr(B2s) + O( =

(B.8)

p? log(T)?
).

= k(p,G)* + 2k(p,G) + O(p*?) + O(

Together with Lemma B.1 this proves the first part of the lemma. The second part
follows directly from equation (B.8). O

Proof of Lemma 4.7. Since ¢ is finite, it is sufficient to prove the convergence for
fixed G € ¢4. First consider the case Gy C G. We then get with Lemma 4.5

E T(|VZr(0(p, G)) = VZ (0o, O))[5 1 — *(2, G) 7
1Sy TenLr(p, Q)
Cy E[T\}ng(eo(p, @) = VL 000, Ol ppcr1 — k(P G)r
- 1<p<Pr TenpLr(p, G)
48k(p, G) + 12k(p, G)2 + O (p*—* 2
< Z (p, )+4 (p.G)* +O(p*") +O<PTlog(T)>
T*Lr(p, G)* T
1<p<Pr
Cpt=o C P2 log(T
<y ( P’ Lo )+ > (_2+Cp—6)+0< 7 Tg( )>’
1<p<p7 pT Pr pp<p<Pr p

which tends to zero by the assumptions on Pr and 3 and pj — oo. On the other
hand if G does not contain Gy, I(6y(p, G),0) does not vanish for p — oo and
therefore Lz (p, G) is bounded away from zero uniformly in p € N. It then follows
from the second part of Lemma 4.5

2 P3
E[lggx V.2 (6u(p, @) — V.Z (6o, G))Hi(p’G),l} - O(%),
which completes the proof. O

Proof of Lemma 5.1. First, we obtain by a Taylor expansion of %7 (0y(p, G)) about
éT(pa G)

XT(QO(pv G)) - iﬂT(éT(Py G))
= VL (07(p, G)) (6o(p, G) — b7(p, G))

1~ 1A
+ §H9T(pv G) - 60(p7 G)||2V2$T(éT(p,G)) + OP (pE ||0T(pa G) - 00(19’ G)”3>

14 1A
= §H9T<p7 ) - 80 p7 ||V2§f(90(p @) + OP <p§H9T<p7 G) - 90(]?, G)”S)J
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where we have used the identity in (3.7) and further a Taylor expansion for the
second derivative together with Lemma 4.1 (ii) to get for 6 € (*(R)

0L (0r(p, )0 = V2L (0 (p. G))0 + O (b 10r(p, G) — o(p, G) 1)),
The result follows now as in the proof of Theorem 4.8 from (4.5) and Lemma 4.7. [

Proof of Lemma 5.2. We have with the abbreviations 6, = 6y(p,G) and 0 =
0o(p7, GT)
[Lr(0pc) = £ (0p0)] — [Zr(07) — Z(07)]

[ (75,L00 = £ () TV ) = 9()]
= 1 (U = 52 ) + () = " DD R) = () )

Noting that Ly (p, G) > Ly(ph, G%), we therefore obtain
[ Lr(0p.0) — L (0p0)] — [Zr(07) — L(67)] ‘

47r

i Li(p:0)
< 23,0 T | [0 - e um o - aon]o)
T —LT@;—G*) / | (7O = " O0) (E0) = fay () ||
< s e O [ a1 00 - )T~ (0)] ]|
Since & is finite, it is now sufficient to show that for every G € &
iﬁﬂﬂ[ / ae{[£5,L00 = B ]P0 - S]] (B9)

converges to zero. By the product theorem for cumulants, the assumption of nor-
mality, and Lemma B.1 we find for the mean

B[ [ (00 - ) O - )]
= (cum { [ (5,100 = F ) (TP = fo ()
[t = 2 o) ) - o))+ 0(ET)
C

= Sl [l o - s mem o - san)a] o).

Next, we derive a lower bound of similar form for Ly (p, G). For this, we consider
the Taylor expansion of .Z(6, ) about 6,

1
Z(0p.c) = Z(00) + 5[ — 90||vzg(90 O([16p.c = Goll1l10p,c — boll*).
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where the first term vanishes since 6y minimizes .#(6). To show that the the re-
mainder is of smaller order than the quadratic term, we note that

w0l < 3 [ 1832500 = 0l r + 3 RG]
[ul<p [ul>p

By Lemma 4.2 the first term is of order O(p%_ﬁ ), while the second term vanishes

for p — oo since Rélo)(u) is absolutely summable. Therefore ||6,c — 6y||1 converges
to zero. Lr(p,G) can now be rewritten as

k(p7 G)O-h
2T

> o [ [0 00 = F ) ) (1500 = 15" O0) |y
+0(|l0pc — fol?).-

1
LT(pa G) - + EHHZ%G - 90H2V2!£(90) + O(HepyG - GOHQ)

and thus
orar L ) = ) (5L 0 = ft )] <
uniformly in 1 < p < Pp. Therefore we obtain for (B.9)

i C 1 -1 -1 -1 ?
> ot |, O~ ) O G50 ~ J )]
Pr C P Cp Pr C

= p; T?Ly(p, G)? : p; Py +p:%+1 P

Since p} diverges to infinity, both summands tend to zero as 7" — oo and the proof
is complete. 0

Lemma B.1. Suppose that Assumptions 3.1, 3.2 and 3.7 hold. Then we have with
FA) = fa(N)

T]E{ /H2 (Ii(f)(/\) - fu()\)) (I]g)(/\) — fkl()\)) exp(i\u + i,uv)d/\du}

_ % / ) fis(N) exp(iA(u = 1)) + fa(A) iy () expli(u + v)) | dA

rof24)

uniformly in |ul,|v| < p.

Proof. By standard arguments we find that the mean above is equal to
2mH. . .
- / [ Fie ) £ VO N4 1) + Fa(A) firg () DS (A — M)} exp(iAu + ipw)dAdy
112

WiEE
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where <1>§T) is defined as in (A.3) and the error term is uniformly bounded in |u/, |v| <
p. Noting that exp(i\u) is Lipschitz continuous in A with constant Clu|, we have

i ; ¢ Clu|log(T
[ tesplivty+ ) = expGon |8 < & [ ol 20 < SU2ED,
. 1
which proves the lemma. 0
Lemma B.2. Under Assumptions 3.1 and 3.2 we have
1

‘ / cum {IZ] f’L] 90 }eXp —1)\U d)\‘ <T)

and for k < 16
i log(T)k2
(T) B g
‘ /Hk; cum { g 31 ’ T ’]ikjk(/\k)} exp < - 1l:Zl)\lUl>d/\1 T d)\k‘ = O<W>

uniformly in u,uy, ..., ux € 7.

Proof. The first part follows directly from ‘]E(Ii(jT)()\)) — fijoe(N)| = O(T™!) uni-
formly in A € [—m, 7]. For the second part we note that by the normality assumption

cum{d"”(\), ..., d(\)} =0

? g

if k& > 3. Therefore it follows from the product theorem for cumulants and (A.4)
that

/1; |Cum{ i )‘ )?"'a Zk_]k (Ar) }|d)\1 Ay

Clog(T)*~

(T

< TE Z L TH LD )dAs - dhy < =5,

where we have used the notation from Appendix A. O
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